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 Abstract: 

The threshold voltage of a MOSFET, represented by VTH, is a major parameter in the circuit 

design, and the lack of an accurate equation for the threshold voltage of transistors is one of the 

main challenges for integrated circuit designers. Based on the data obtained from the simulation, 

the present paper aims to investigate the effect of bias voltages (VGS, VDS, and VBS), transistor's 

dimensions (W and L), and temperature (T) on the value of threshold voltage, followed by the 

use of Levenberg-Marquardt method to propose a new equation for obtaining the threshold 

voltage value regarding different parameters. The obtained equation can be helpful for the design 

and manual calculations of the integrated circuits. Furthermore, various simulations were 

performed to evaluate the validity and accuracy of the obtained equation, indicating excellent 

consistency between the proposed equation and simulation results. 
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1. Introduction 

A MOSFET’s threshold voltage, represented by (VTH), is a 

main parameter in the circuit design, which should be 

applied in modeling a transistor's behavior. Threshold 

voltage modeling is one of the most important requirements 

for a fairly accurate description of the transistor's electrical 

behavior. One of the major challenges of integrated circuit 

designers is the lack of an accurate equation for the 

transistor threshold voltage, by means of which the 

transistor's current can be calculated at high accuracy. 

Besides, in the ultra-low power design and sub-threshold 

region, it is necessary to apply the exact threshold voltage 

value of the transistor for the circuit design. Hence, various 

studies have proposed methods for measuring the threshold 

voltage or extracting an appropriate model in FETs (field-

effect transistors) with high velocity and accuracy [1-3]. In 

Yu et al. [1], the advanced FVM (finite volume method) 

technique was applied to quickly measure the threshold 

voltage to obtain the MOSFET I-V characteristic. In Flandre 

et al. [4], the gm/Id method was used to determine the 

threshold voltage in MOSFET. In Agarwal et al. [5], the 

analytical model for MOSFET was improved so that it could 

be used to determine the quiescent point in SPICE. In de 

Jesus Costa et al. [6], the MOSFET model was attempted to 

improve to be used in manual calculations by investigating 

the dependence of threshold voltage on channel length. 

Chanda et al. [7] focused on modeling the MOSFET current 

in the sub-threshold region and expressed the dependence 

of threshold voltage on VBS and VDS voltages. 

Additionally, temperature is another highly important 

parameter that strongly affects the transistor's behavior and, 

as a result, the circuit. In many circuits, to strengthen the 

circuit behavior relative to temperature, as in the voltage 

regulators or amplifiers, it is important to properly predict 

the threshold voltage behavior regarding temperature so that 

an appropriate temperature compensation method can be 

proposed [8 and 10]. Accordingly, Gupta and Kranti [11] 

focused on a more scrutinized investigation of the threshold 

voltage behavior regarding temperature.  In this regard, 

some references have addressed the extraction of an 

equation for threshold voltage based on the physical 

concepts [12 and 13]. The analyses provided in these 

references depended on the physical parameters of the 

semiconductor and metal, including Fermi potential (ϕF), 

oxide capacitance (Cox), metal-to-semiconductor work 

function difference (ϕB), and other parameters, which are 

commonly unavailable, leading consequently to the 

impossibility of the manual calculations for design. 

In a standard CMOS process, the integrated circuit 

designers deal with the transistor's bias voltages (VGS, VDS, 
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and VBS) as well as its dimensions, namely W and L. 

Although the designer must be aware of the effect of 

different parameters on threshold voltage, a major problem 

in design is the lack of an equation with suitable accuracy 

for threshold voltage. Unfortunately, the currently existing 

equations governing the threshold voltage, which are found 

in various references, either lack sufficient accuracy or 

depend on the physical parameters of the semiconductor, 

complicating their application for manual calculations. This 

is why integrated circuit designers are not commonly 

interested in using such equations and usually attempt to 

obtain their intended characteristics through various 

simulations and even the trial and error method. However, 

such an approach would be time-consuming and increase 

the design complexities in many cases; therefore, one of the 

major requirements in this regard is to provide a more 

comprehensive model for the threshold voltage.  

Considering the above-mentioned points, the threshold 

voltage value is one of the fundamental challenges in 

designing the integrated circuits, which is significantly 

affected, in general, by the parameters of bias voltages (VGS, 

VDS, and VBS), dimensions of the transistor W and L, as well 

as temperature (T). As its principal objective, the present 

paper aims at mathematical modeling and obtaining an 

equation for threshold voltage based on the data derived 

from the simulations. In this work, modeling was performed 

using the Levenberg-Marquardt for curve fitting. The 

obtained equation can help design integrated circuits. The 

0.18um CMOS TSMC process is widely used among 

integrated circuit designers; thus, the present paper 

addresses the modeling of threshold voltage in this type of 

technology.  

The rest of this paper is organized as follows: section 2 

investigates the factors affecting the voltage threshold so 

that they can be used in mathematical modeling. Section 3 

explains the reduction of the short-channel effect in today's 

modern technology. Then, in section 4, the application of 

the Levenberg-Marquardt method for mathematical 

modeling is described, which will then be used to model the 

threshold voltage in the present paper.  

In section 5, the effect of each of the parameters, including 

transistor width (W), drain-source voltage (VDS), channel 

length (L), bulk-source voltage (VBS), and temperature (T) 

on threshold voltage is simulated in TSMC CMOS 0.18um 

technology, leading to the presentation of the complete 

model of voltage threshold in section 6. The accuracy of the 

proposed model is also evaluated in this section. Finally, the 

conclusion is provided in section 7. 

2. Factors Affecting Threshold Voltage 

2.1. Short Channel Effects on Threshold Voltage 

In an MOS transistor, as the channel length is reduced, the 

width of the depletion region in the drain-source junctions 

will become comparable to the channel length. In this case, 

various effects will alter the MOSFET function, known as 

short-channel effects [14]. Two of the different short-

channel effects influence the threshold voltage, which will 

be discussed below. 

2.1.1. Effect of Drain-Induced Barrier Lowering (DIBL) 

on Threshold Voltage 

In a MOSFET, ideally, the channel current should be 

controlled by the gate voltage; however, as the channel 

length is reduced, the drain voltage will also affect the 

channel current due to the short drain-source distance. In 

fact, in a long-channel MOSFET, any change in the drain-

source voltage will only affect the drain region, while with 

the reduction in the channel length, the drain voltage (VD) 

will cause a lowering of the potential barrier between the 

source and channel. The potential barrier lowering is 

equivalent to the threshold voltage reduction, meaning that 

the voltage required to induce the source-to-drain electron 

flow will be reduced. This phenomenon is known as the 

effect of drain-induced barrier-lowering effect, the intensity 

of which will be increased with an increase in the drain 

voltage. This effect is shown in Figure 1, where the full line 

indicates the drain and source energy band in the 

equilibrium state, and the dashed line represents the same 

band in case of applied drain voltage along with the DIBL 

effect. 

source drain

VD

DIBL
 

Figure 1. Drain-source energy band in equilibrium state and 

in case of applied drain voltage 

2.1.2. Effect of Channel Length on Threshold Voltage 

A phenomenon that appears with the shrinkage of the 

transistor is the dependence of threshold voltage on channel 

length. As shown in Figure 2-a, in a long-channel transistor, 

the threshold voltage value is rather constant and 

unchanged, but a transistor with a small L will exhibit lower 

VTH with a reduction in the channel length because when the 

channel length is reduced, effective volume under the gate 

and between the drain and source empty regions will be 

decreased as well. Therefore, the formation of the inversion 

layer will require drainage of fewer charges from the 

substrate; as a result, the voltage required to be applied to 

the gate to form the inversion layer will also be reduced. 

This is demonstrated in Figure 2-b. 

 
(a) 



Ebrahimi & Adarang /Contrib. Sci. & Tech Eng, 2024, 1(1) 

3 
 

n+ n+

Poly Gate

p-substarte

depletion 

region

Poly Gate

p-substarte

n+n+

depleted by 

gate charges

 
(b) 

Figure 2. (a) Dependence of threshold voltage on channel 

length; (b) status of the inversion layer in case of short- and 

long-channel modes 

2.2. Effect of Temperature on Threshold Voltage 

In an MOS transistor, the voltage threshold depends on the 

temperature, which is reduced with an increase in the 

temperature. It is important to investigate the temperature 

dependence threshold voltage, particularly in applications 

such as voltage references; the temperature compensation is 

performed based on the threshold voltage behavior with 

temperature [14]. 

2.3. Effect of VSB on Threshold Voltage 

The threshold voltage of a MOSFET is influenced by the 

voltage difference between the source and bulk, referred to 

as the body effect. In an nMOS transistor, since the source 

(n +) - bulk (p +) junction is located in the reverse bias, the 

increased source voltage leads to the increased source-side 

empty region (between the channel and substrate), and 

consequently, the increased amount of charge required for 

the formation of the inversion layer. Therefore, in order for 

the inversion layer to be formed under the gate, a larger 

voltage should be applied to the gate. The following 

equation represents the effect of voltage VBS on threshold 

voltage [14]: 

𝑉𝑇𝐻 = 𝑉𝑇𝐻0 + 𝛾[√2𝜑𝑆 + 𝑉𝑆𝐵 − √2𝜑𝑆]  (1) 

where, ϕS and γ are transistor characteristics, which 

represent the surface potential and body effect coefficient, 

respectively. Also, VTH0 is the value of threshold voltage 

regardless of the body effect, and for VSB=0, the value is 

positive in nMOS and negative in pMOS. As can be inferred 

from the above equation, the increased VSB  in a nMOS 

transistor yields a larger positive value for threshold 

voltage. However, in a pMOS transistor, since the threshold 

voltage has a negative value, an increase in the VSB value 

results in a larger negative value for the threshold voltage, 

which is equivalent to the size reduction. 

3. Reduction of Short Channel Effect 

In modern processes, high-doping regions near the source 

and drain, known as halo or packet implementation, reduce 

the short-channel effect. The halo regions cause a non-

uniform doping rate along the channel. In fact, the doping 

concentration of the channel near the source and drain is 

higher than the one at its center. The presence of such 

regions incurs considerable elimination of the short-channel 

effect, just as the case for DIBL. However, in contrast to the 

short-channel effect wherein the threshold voltage 

decreased with a reduction in the channel length, as 

described in section 2.2, in devices with halo or packet 

implementation, the reduced channel length led to the 

increased VTH value, which is known as reverse short-

channel effect (RSCE). However, for long channels, the 

value threshold voltage approaches a constant and channel 

length-independent value. This behavior is represented in 

Figure 3. 

VTH

L
 

Figure 3. Dependence of threshold voltage on channel length 

in devices with halo implementation 

4. Levenberg-Marquardt Method for 
Modeling 

Since the present paper aims to mathematically model 

threshold voltage based on the data obtained from the 

simulation results, the Levenberg-Marquardt mathematical 

modeling method, which is used for curve fitting, has been 

explained in the appendix section. The cftool toolbox is 

used to apply this modeling method in MATLAB software.  

5. Simulation and Modeling 

In this section, using ADS software and in TSMC CMOS 

0.18um technology, the effect of each of the parameters, 

including transistor width (W), drain-source voltage (VDS), 

channel length (L), source-bulk voltage (VSB), and 

temperature (T) on threshold voltage is simulated and 

studied in order to provide an appropriate mathematical 

model based on the Levenberg-Marquardt method as well 

as to predict the effect of each parameter on threshold 

voltage with high accuracy. 

5.1. Simulation and Modeling of the Effect of VDS on 

Threshold Voltage 

In order to investigate the effect of VDS variations on 

threshold voltage, a transistor was biased, as in Figure 4. For 

the given channel length (L), the value of VDS was changed 

from 50mV to 0.7V with 50mV steps, and for each VDS 

value, the threshold voltage value was obtained through 

simulation and in ADS software. The curve for threshold 

voltage versus VDS can be obtained by connecting these 

points. This method was performed along various channels, 

as shown in Figure 5. As can be seen, except for the small 

channel length L=0.2µm wherein the threshold voltage is 

very slightly dependent on VDS, in the transistors with larger 

channel lengths, the increase in VDS had no significant effect 

on the threshold voltage, which was due to the presence of 
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halo doping in modern technology. Therefore, the threshold 

voltage can be considered independent from VDS. The 

independence of the threshold voltage from VDS simplifies 

designing at various VDS values. 

mW 10

DSV

55.0GSV

 

Figure 4. The bias of the nMOS transistor for simulating the 

effect of VDS variations on threshold voltage 

1.2 um
1 um

0.8 um

L(um)

0.4 um

0.6 um

0.2 um

 

Figure 5. Effect of VDS on threshold voltage value along 

different channels 

5.2. Simulation and Modeling of the Effect of W on 

Threshold Voltage 

An nMOS transistor was biased in order to investigate this 

effect, as shown in Figure 6. To prevent the effect of drain 

voltage (VD) on threshold voltage, it was assigned a small 

value equal to 50mV. For the given channel length (L), the 

value of W was changed from 1µm to 30µm with 1µm steps, 

and for each W value, the threshold voltage value was 

obtained through simulation in ADS software. The curve for 

threshold voltage versus W can be obtained by connecting 

these points. This method was performed for three different 

channel lengths (0.3 µm, 0.5 µm, and 0.8 µm), yielding 

finally three VTH-W curves, which are depicted in Figure 7. 

VVDS 05.0

55.0GSV

 

Figure 6. The bias of the nMOS transistor for simulating the 

effect of W variations on threshold voltage 

mL 8.0

mL 5.0

mL 3.0

 

Figure 7. Dependence of threshold voltage on transistor width 

(W) 

As in Figure 7, the threshold voltage variations relative to 

the W value are reduced with the increased channel length. 

On the other hand, the threshold voltage variations occur at 

small transistor widths (W); in other words, for W>5µm, the 

voltage threshold value will be approximately independent 

of the W size. Since in designing the integrated circuits, on 

the one hand, W>>L and, on the other hand, the minimum 

value is rarely used for L [14], the threshold voltage can be 

considered independent from W. 

5.3. Modeling the Effect of L on Threshold Voltage 

This section analyzes the effect of channel length on 

threshold voltage in both types of transistors, namely nMOS 

and pMOS. To investigate this effect, the nMOS and pMOS 

transistors were biased similarly as in Figure 8; i.e., for both 

transistor types, |VDS|=0.05V, |VGS|=0.55V, and VSB=0 

(without body effect). Furthermore, to ensure the 

independence of threshold voltage from W, the transistor 

width was selected equal to 10µm. 

mW 10

VVDS 05.0

55.0GSV

VVS 55.0

mW 10

0GV

VVD 5.0

 

Figure 8. The bias of transistors for simulating the effect of L variations on threshold voltage 
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The value of L was changed from 0.2µm to 1.2µm with 

0.05µm steps, and the threshold voltage value was obtained 

through simulation in ADS software for each value of L. 

The curve for threshold voltage versus L can be obtained by 

connecting these points, shown for both nMOS and pMOS 

transistors in Figure 9. It should be noted that the real value 

of the pMOS transistors' threshold voltage is negative, but 

the threshold voltage magnitude, i.e., the positive value, is 

depicted in Figure 9. 

|| THV

 

Figure 9. Curves for threshold voltage versus L for various 

types of transistor 

The aim of modeling by the Levenberg-Marquardt method 

is to obtain an equation through which the threshold voltage 

behavior can be predicted with a minimum error rate. The 

threshold voltage behavior relative to L was considered as 

follows: 

𝑉𝑇𝐻(𝐿) = 𝑉𝑇𝐻0[1 + 𝑓(𝐿)]  (2) 

where, VTH0 in 0.18µm technologies for nMOS and pMOS 

transistors is equal to 0.45V and -0.45V, respectively [14]. 

f(L) is a function of L that describes the threshold voltage 

variations relative to L and is obtained using the Levenberg-

Marquardt method. In order for Equation 2 to properly 

describe the threshold voltage behavior relative to L, 

regarding Figure 9, f(L) was considered as follows: 

𝑓(𝐿) = 𝑎𝐿𝑏 + 𝑐  (3) 

The objective is to obtain the parameters a, b, and c for 

nMOS and pMOS transistors separately to match Equation 

2 with the data obtained from the simulation, the curves of 

which are depicted in Figure 9. The cftool toolbox in 

MATLAB software was used to apply the Levenberg-

Marquardt method. The results derived from this method, 

namely the intended parameters along with the root-mean-

square error (RMSE), are represented in Table 1. Figure 10 

depicts the VTH-L voltage diagram that is simulated and 

modeled using Equation 2. A comparison between the 

simulated and modeled voltage threshold values based on 

Equation 2 indicates good consistency between the 

simulation and modeling results, as well as the accuracy of 

the equation obtained from the Levenberg-Marquard 

method. 

Table 1. Equation (3)-simulation data matching parameters 

 a b c RMSE 

nMOS 5.76×10-3 -1.52 6.8×10-2 1.72×10-4 

pMOS 10.4×10-3 -1.46 9×10-3 1.08×10-4 

pMOS

nMOS

|| THV

 

Figure 10. Curves for VTH - L simulation and modeling results 

for nMOS and pMOS transistors 

5.4. Modeling the effect of VSB on Threshold Voltage 

In this section, the effect of VSB on threshold voltage in 

both nMOS and pMOS transistors is analyzed. To 

investigate this effect, the nMOS and pMOS transistors 

were biased, as in Figure 11, in which the values of bias 

voltages are also included. Moreover, in order for the 

independence of the threshold voltage from W, the value of 

the transistor width was selected equal to 10µm. 

To investigate the body effect on threshold voltage, the 

value of VSB was changed from 0V to 0.3V with 0.05V 

steps, and for each VSB value, the threshold voltage value 

was obtained through simulation in ADS software. The 

curve for threshold voltage versus VSB can be obtained by 

connecting these points, which is shown for both nMOS and 

pMOS transistors in Figure 12. To increase the modeling 

accuracy, the simulations were performed for different 

channel lengths ranging from L=0.2µm to L=0.5µm. It is 

emphasized that, for pMOS transistors with a negative 

threshold voltage, the absolute value of threshold voltage 

(|VTH|) regarding VSB is depicted in Figure 12-b. As can be 

observed, with an increase in VSB value in an nMOS 

transistor, the threshold voltage will increase with a 

relatively constant gradient, while in a pMOS transistor, the 

threshold voltage value will decrease with a relatively 

constant gradient. This is a method used in low-voltage 

circuits to reduce the transistor's threshold voltage and, as a 

result, reduce the VGS required for the transistor. 

Consequently, the supply voltage can also be reduced, 

which will ultimately lead to reduced power consumption. 

 



Ebrahimi & Adarang /Contrib. Sci. & Tech Eng, 2024, 1(1) 

6 
 

VVD 3.0

65.0GV

SBV

mW 10

VVS 55.0

mW 10

25.0DV SBV

 

Figure 11. The bias of transistors for simulating the effect of VSB variations on threshold voltage 

 

m

m

m

m

 
(a) 

m
m
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(b) 

Figure 12. Simulation curves for threshold voltage versus 

VSB (a) for nMOS (b) for pMOS 

In order to model, it is necessary to obtain an equation that 

can predict the threshold voltage behavior regarding VSB 

with a minimum error rate. The equation for the threshold 

voltage relative to VSB was considered as follows: 

𝑉𝑇𝐻 = 𝑉𝑇𝐻(𝐿)[1 + 𝑔(𝑉𝑆𝐵)]  (4) 

where VTH(L) is the value of threshold voltage for a given 

L, which is obtained from Equation 3. Also, g(VSB) is a 

function of VSB describing the threshold voltage variations 

with VSB, which can be obtained from the Levenberg-

Marquardt method. In order for Equation 4 to properly 

describe the VTH-VSB behavior and with regard to Figure 12 

and the linear behavior of the curve, g(VSB) was considered 

as follows 

𝑔(𝑉𝑆𝐵) = 𝛽𝑉𝑆𝐵  (5) 

The purpose is to obtain the parameter β for nMOS and 

pMOS transistors separately in order for Equation 4 to 

match the data obtained from the simulation results, the 

curves of which are depicted in Figure 12. Results of the use 

of the Levenberg-Marquardt method, along with the RMSE, 

are presented in Table 2. Figure 13 depicts the VTH-VSB 

diagram simulated and modeled through Equation 4 for 

different channel lengths. A comparison between threshold 

voltage values simulated and modeled based on Equation 4 

indicates good consistency between these results, 

representing the accuracy of the equation. 

Table 2. Equation (4)-simulation data matching parameters 

 β RMSE 

nMOS 0.54 0.8×10-3 

pMOS -0.59 1.4×10-3 

Simulation

m
m
m

m

Modeling

 
(a) 
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Simulation

m
m
m

m

Modeling

 
(b) 

Figure 13. Curves for VTH – VSB simulation and modeling 

results (a) for nMOS (b) for pMOS 

5.5. Modeling the Effect of Temperature on Threshold 

Voltage 

In order to investigate the effect of temperature (T) on 

threshold voltage, the nMOS and pMOS transistors were 

biased as in Figure 14 and values of the bias voltages are 

provided in this figure as well. Furthermore, the simulation 

was performed in case of VSB=0, i.e. without body effect. 

In order to investigate the effect of temperature (T) on 

threshold voltage and increase the modeling accuracy, a 

wide temperature range from -20 ̊ C to +85 ̊ C with +5 

̊ C steps was considered and, for each temperature value, 

the threshold voltage value was obtained through simulation 

in ADS software. The threshold voltage curve versus T can 

be obtained by connecting these points, which is depicted in 

Figure 15 for nMOS and pMOS transistors and for different 

channel lengths. 

VVD 3.0

55.0GV

mW 10

VVS 55.0

mW 10

25.0DV

 

Figure 14. The bias of transistors for simulating the effect of temperature variations on threshold voltage (a) for nMOS (b) for 

pMOS 

It is also emphasized that in this case as well, the absolute 

value of threshold voltage (|VTH|) regarding VSB is depicted 

in Figure 16-b for the pMOS transistor. As can be seen, 

increased temperature in both nMOS and pMOS transistors 

would lead to a reduction with a relatively constant gradient 

in threshold voltage. 

Performing the modeling requires obtaining an equation 

that can predict the threshold voltage behavior relative to T 

with a minimum error rate. The equation of voltage 

threshold regarding T was considered as follows: 

𝑉𝑇𝐻 = 𝑉𝑇𝐻(𝐿)[1 + ℎ(𝑇)]  (6) 

where, VTH is the threshold voltage value at a given L, 

which can be obtained from Equation 2. Also, h(T) is a 

function of T describing the threshold voltage variations 

with temperature, which can be obtained from the 

Levenberg-Marquardt method. In order for Equation 6 to 

properly describe the VTH-T behavior and with regard to 

Figure 15 and the linear behavior of the curve, h(T) was 

considered as follows: 

ℎ(𝑇) = 𝛼(𝑇 − 𝑇0)  (7) 

where, T0 is the typical simulation temperature equaling +25 

̊ C. The purpose is to obtain parameter α for the nMOS 

and pMOS transistors separately in order for Equation 6 to 

match the data derived from the simulation results. 

Furthermore, the root-mean-square error (RMSE) is also 

given in Table 3. It should be noted that, in Equation α 

presented in Table 3, the value of VTH(L)|T=T0 is obtained 

from Equation 2. Figure 16 depicts the VTH - T diagram 

simulated and modeled using Equation 6. In order to 

achieve the desirable accuracy, the threshold voltage curve 

slope was analyzed at different channel lengths within an 

appropriate temperature range. A comparison between the 

threshold voltage values simulated and modeled based on 

Equation 6 indicates good consistency between these 

results, representing the accuracy of the obtained equation. 
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(a) 

m
m
m

 
(b) 

Figure 15. Threshold voltage simulation curves versus 

temperature (a) for nMOS (b) for pMOS 

Table 3. Equation (6)-simulation data matching parameters 

 α RMSE 

nMOS −
0.68 × 10−3

𝑉𝑇𝐻(𝐿)|𝑇=𝑇0
 2.78×10-5 

pMOS −
0.90 × 10−3

𝑉𝑇𝐻(𝐿)|𝑇=𝑇0
 3.22×10-5 

 

Simulation

Modeling

m
m
m

 
(a) 

Simulation

Modeling

m
m
m

 
(b) 

Figure 16. VTH-T simulation and modeling curves: (a) for 

nMOS (b) for pMOS 

6. Completed Model of Threshold Voltage 

Considering all the points discussed in previous sections 

and regarding the models and simulations performed in 

section 1.5, the final and complete equation for threshold 

voltage per L, VSB, and T in TSMC 0.18um CMOS 

technology is expressed as follows: 

𝑉𝑇𝐻 = 𝑉𝑇𝐻0(1 + 𝑎𝐿𝑏 + 𝑐)(1 + 𝛽𝑉𝑆𝐵)[1 + 𝛼(𝑇 −
25)]  

(8) 

where a, b, c, α, and β are obtained in the simulation section 

for both nMOS and pMOS transistors. In Equation 8, the 

first and second terms are related to modeling the effect of 

channel length and body effect, and the third term is used to 

take the temperature effect into account. According to the 

explanations provided in section 5.2, the effect of the 

transistor width was ignored. On the other hand, due to halo 

doping, the TSMC 0.18um CMOS technology had a very 

insignificant DIBL effect, which was ignored in Equation 8.  

Moreover, for further evaluation of the modeling, the 

simulations were performed for different values of 

temperature, L, and VSB. The comparison between the 

threshold voltage value calculated from the modeling by 

Equation 8 and the values simulated for different values of 

the transistor parameters is represented in Figure 17. In 

these simulations, the temperature was increased from -20 

̊ C to +80 ̊ C, while other parameters were kept constant. 

Also, using the same method, VSB and channel length (L) 

were increased from 0.1V to 0.5V and from 0.1µm to 1µm, 

respectively. 

The results indicated good accuracy of the proposed 

modeling, so that it can provide a desirable understanding 

of the transistor's threshold voltage behavior. 

7. Conclusion 

In the present paper, based on the data derived from the 

simulations, the effects of bias voltages and transistor 

dimensions, along with temperature on the threshold 

voltage value, were investigated. Then, using Levenberg-

Marquardt, a new equation was proposed to obtain the 
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threshold voltage value so that it could match the simulation 

data. The proposed equation had two major advantages. 

First, it indicated the dependence of the threshold voltage 

on effective parameters and could calculate the threshold 

voltage value with high accuracy. Second, the obtained 

equation can help with design as well as manual calculations 

regarding the integrated circuits. According to the tables and 

figures provided, it is obvious that the results of the present 

work can help the designer with circuit-level design. 
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Figure 17. Comparison between simulation and modeling results for variations of different transistor parameters (a) nMOS (b) 

pMOS 
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Appendix A 

A.1. Model Selection 

Modeling or system identification is a hot topic in all 

engineering fields. There are many methods for modeling a 

system, which include neural networks, fuzzy sets, genetic 

programming, genetic algorithm and gradient based 

methods. Model selection basically consists of two basic 

parts; structure selection, and parameter optimization. The 

structure of a model may be heuristic or mathematical or 

even a combination of both.  

Parameter optimization is the next step that determines the 

validity of the model. Parameter optimization methods are 

divided into two main categories: random search algorithms 

and gradient-based algorithms. There are a variety of 

random search algorithms that are updated every day and 

include genetic algorithm (GA), particle swarm 

optimization (PSO), simulated annealing (SA), ant colony 

(AC), and so on. The second category in parameter 

optimization belongs to gradient-based methods, which are 

also used in this research. They include methods that utilize 

the first derivative or gradient of the model, like steepest 

descent, or the second derivative, like Newton's method, or 

the approximation of them, like quasi-Newton's method. In 

the sequel, the least square method and Levenberg-

Marquardt (LM) method are described, respectively. 

A.2. Least-square Method for Parameter Identification 

In the least-square (LS) method, the mean square of the 

error between the model output and the system output is 

minimized by modifying the parameters of the model. The 

mathematical formulation of the method is as follows. 

Suppose that the system is affine in parameters, i.e., it could 

be written in regression form: 

𝑦(𝑖) = ∑ 𝜙𝑗(𝑖)𝜃𝑗
∗𝑛

𝑗=1 = 𝜙𝑇(𝑖)𝜃∗  (A-1) 

where θ* is the original unknown parameter of the system, 

and φT(i) is the vector of the known part of the system, e.g., 

the former input and outputs of the system. The goal is to 

estimate θ* so that the cost function V (θ,t) is minimized. If 

we define ̂  as the estimate of  θ*, we would have: 

�̂�(𝑖) = ∑ 𝜙𝑗(𝑖)�̂�𝑗
𝑛
𝑗=1 = 𝜙𝑇(𝑖)�̂�  (A-2) 

휀(𝑖) = 𝑦(𝑖) − �̂�(𝑖) = 𝑦(𝑖) − 𝜙𝑇(𝑖)𝜃  (A-3) 

𝑌(𝑡) = [𝑦(1)𝑦(2). . . 𝑦(𝑡)]𝑇  (A-4) 

𝐸(𝑡) = [휀(1)휀(2). . . 휀(𝑡)]𝑇  (A-5) 

𝜑(𝑡) = [

𝜙𝑇(1)
.
.
𝜙𝑇(𝑡)

]  (A-6) 

𝑉(𝜃, 𝑡) =
1

2
∑ 휀2(𝑖)𝑡
𝑖=1 =

1

2
𝐸𝑇𝐸 =

1

2
||𝐸||2  (A-7) 

2𝑉(𝜃, 𝑡) = 𝐸𝑇𝐸 = (𝑦 − 𝜑𝜃)𝑇(𝑦 − 𝜑𝜃) =
𝑦𝑇 . 𝑦 − 𝑦𝑇𝜑𝜃 − 𝜃𝑇𝜑𝑇𝑦 + 𝜃𝑇𝜑𝑇𝜑𝜃 

(A-8) 

By taking the derivative of V(θ, t) with respect to θ̂ and 

setting the result to zero, the answer which minimizes the 

cost function is achieved as follows: 

�̂� = (𝜑𝑇𝜑)−1𝜑𝑇𝑦  (A-9) 

The LS response is consistent in affine models. In other 

words, the estimated parameters converge to original 

parameters as the number of observations increases. On the 

other hand the unbiased convergence of the LS method is 

not guaranteed in non-affine models. This issue opens the 

field of nonlinear optimization to the discussion. 

A.3. Levenberg–Marquardt nonlinear least-square 

algorithm 

As mentioned in the model selection section, there are a 

variety of methods in nonlinear model identification. One of 

the reputed methods in gradient-based parameter 

identification is the LM method, which uses the 

approximation of hessian matrix in the calculation of a 

minimum. This method converges to the local minimum and 

is dependent on the initial guess in finding the local 

minimum. The algorithm, in short, is as follows. Suppose 

that the input-output pair (x,y) is approximated by a 

nonlinear function 𝑓(𝑥, �̂�): 

�̂� = 𝑓(𝑥, �̂�)  (A-10) 

The cost function𝑉(�̂�, 𝑥) is defined as (.). If we expand the 

Taylor series of the function f(x, θ̂)  around a point (𝑥0, �̂�0) 
we have: 
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𝑓(𝑥, �̂� + 𝛿) ≈ 𝑓(𝑥, �̂�) + 𝐽𝛿  (A-11) 

where, 𝐽 =
𝑓(𝑥,�̂�)

𝜕�̂�
  is the Jacobian vector of f with respect to 

parameters�̂�. If the approximate A-11 is substituted in the 

cost function V(θ̂, x)  results: 

𝑉(𝜃 + 𝛿, 𝑥) = ∑ (𝑦𝑖 − 𝑓(𝑥𝑖 ,
𝑛
𝑖=1 �̂�) + 𝐽𝑖𝛿)

2 =
||𝑌 − 𝐹(𝑥, �̂�) − 𝐽𝛿||2 = [𝑌 − 𝐹(𝑥, �̂�)]𝑇[𝑌 −
𝐹(𝑥, �̂�)] − 2[𝑌 − 𝐹(𝑥, �̂�)]𝑇𝐽𝛿 + 𝛿𝑇𝐽𝑇𝐽𝛿  

(A-12) 

By taking the derivative of 𝑉(�̂� + 𝛿, 𝑥)  with respect to 

and setting the result to zero, the optimum variation in 

parameters in each iteration yields as: 

(𝐽𝑇𝐽)𝛿 = 𝐽𝑇[𝑌 − 𝐹(𝑥, �̂�)]  (A-13) 

𝛿 = (𝐽𝑇𝐽)−1𝐽𝑇[𝑌 − 𝐹(𝑥, �̂�)]  (A-14) 

A fault of the above solution is that the Jacobian vanishes 

near the minimum, and the inverse would be ill-posed. To 

pave this issue, Levenberg proposed the addition of a 

damping factor λ as follows: 

𝛿 = (𝐽𝑇𝐽 + 𝜆𝐼)−1𝐽𝑇[𝑌 − 𝐹(𝑥, �̂�)]  (A-15) 

This remedy has the shortcoming that if the parameter λ is 

large, the effect of 𝐽𝑇𝐽 in the inversion would be neglected. 

As a result, Marquardt proposed the addition of scaling in 

each component of the gradient according to its curvature. 

As a result, 𝐼 would be replaced with 𝑑𝑖𝑎𝑔(𝐽𝑇𝐽). In this way, 

there would be larger movement along the directions where 

the gradient is smaller. This avoids slow convergence in the 

direction of a small gradient. The final formula for the 

variation of parameters in each iteration would be as 

follows: 

𝛿 = [𝐽𝑇𝐽 + 𝜆𝑑𝑖𝑎𝑔(𝐽𝑇𝐽)]−1𝐽𝑇[𝑌 − 𝐹(𝑥, �̂�)]  (A-16) 

This algorithm is provided in the curve-fitting toolbox of 

the MATLAB which makes the use of the algorithm so easy. 

 

 

 

 


